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Quantum measurements

state measurement (POVM) Born rule

pEMy(C) Ay ... A€ My(C) P(a) = Tr[pA.]
p=0, Trp=1 A, =0, Y A=y

@ A projective measurement (PVM): all A, are orthogonal projections,
e.g. measuring in a basis, A, = |e;)(e,], a € {1,...,d}



Compatible measurements

Two measurement devices on C? are compatible, A QD B, if they can
both be simulated by one device C, followed by classical post-processing:
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Compatible measurements

Two measurement devices on C? are compatible, A QD B, if they can
both be simulated by one device C, followed by classical post-processing:

{4}

A, = pa(alc) C By =Y pa(blc) C.

o Compatible = jointly measurable: one run of C gives both a and b

@ Incompatibility is a quantum resource: Bell nonlocality, steering, etc.!
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Compatibility via marginals

AQ B <= thereis a joint POVM J = (J,p) having marginals A and B

A.‘z

Va Ai= Jub Vb By=> Ja
b a
>
Jun J12 J13 Ju |— A e J,p =0, Za,b Jap = Iy
B | | g | e |— Ay @ an operator-valued joint
probability table
J J J Ju |— A
- . . * 3 @ deciding AG B is a
' ' ' ' semidefinite program (SDP)
B B B B
g measurements A,|1,...,A|g (Asx — outcome
a of measurement x) are compatible iff there is a
joint POVM (), b € [k] x - -+ x [kg], with
A,‘3
A Z b= ASIX

b: by=a
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o Commuting: [As,Bp] =0 = AQ@B

e Trivial: A,=gq(a)ly = AQB, VB

take J,p 1= AL/2B,AL/2

take Jap := q(a)Bs

@ Incompatible: the Z and X measurements on a qubit

recall that |+) = (|0) +[1))/v2, |-) = (|0) — [1))/v2
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e Commuting: [A,,By)] =0 = AQ@@B take Jop 1= AY2ByAL/?
e Trivial: A,=gq(a)ly = AQB, VB take Jap := q(a)Bs

@ Incompatible: the Z and X measurements on a qubit

recall that |+) = (|0) +[1))/v2, |-) = (|0) — [1))/v2

0)
Joo < [0)(0], [+)(+]
z Joo Jo1 ‘0> <0| _
X — Joo =0
|—) +)
Jo s | |1){(1]  same for all cells
= /
) 43+ =) = LapJw =07

contradiction

o If either A or B is projective, then: AG B < [A,,Bp] =0, Va,b
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Noisy measurements

Mix A with the trivial measurement (uniformly random outcome):

/ /
A(t)::tA+(1—t)(;,...7;>, t €0,1]
—_———

trivial

For all measurements A, B:  A(/2) gp B(1/2) J

faircoin--——>a @‘—*b
output (a, b)
~®
tel'/s B = uniformly random
T b @ e

1 1 1 11/
Jap = A+ By — Z Jap = ZAs+ =~ A(al/2)
b

2/ 2k 2 2k
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Compatibility degree

How much noise is needed to make g measurements compatible?
Notation: A, = effect of outcome a of measurement A,
The compatibility degree of the measurements:

T(Aj1,...,Alg) i=max{t € [0,1] : AW AW are compatible}

|1 lg
compatible incompatible
t #
pure noise () T 1 original

Minimal compatibility degree: the worst case over all measurements
7(d, g, (kiy..., kg)) =min 7(Aj1,...,Alg)

over all g measurements on My

dimension # measurements  # outcomes ‘
with ki, ..., kg outcomes

@ the coin flip of the previous slide: 7(d, 2, (ki, k2)) > 1/2

@ least noise making any g measurements compatible:

~» 7 is a fundamental constant of nature



Maximally incompatible measurements

o A fair g-sided die instead of a coin: 7(d, g, (ki,...,ks)) >1/g
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o A fair g-sided die instead of a coin: 7(d, g, (ki,...,ks)) >1/g

@ Focus on dichotomic (YES/NO) measurements, ky = -+ = kg = 2

Theorem (Bluhm, N.!)

1
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Theorem (Bluhm, N.!)
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Maximally incompatible measurements

o A fair g-sided die instead of a coin: 7(d, g, (ki,...,ks)) >1/g

@ Focus on dichotomic (YES/NO) measurements, ky = -+ = kg = 2

Theorem (Bluhm, N.!)

1
7(d,g,(2,...,2)) > 7 with equality as soon as d > 21(&=1)/2]

Optimal: Ay = ’iQFX with F, anticommuting self-adjoint unitaries
(a.k.a. Clifford algebra, spin factors, generalized anti-commuting Paulis)
g |optimal F1,..., F; d
2| X,z 2
3/1X,Y,Z 2
4| XX, XY, XQZ, Y®I 4
anticommuting = orthogonal 5[ X®X, XQY, X®Z, YRI, ZI | 4
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Random measurements

For large enough dimension d, the most incompatible dichotomic
measurements have 7 = 1/,/g.
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Random measurements

For large enough dimension d, the most incompatible dichotomic
measurements have 7 = 1/,/g.

What about typicall (or random) measurements? )
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Random measurements

For large enough dimension d, the most incompatible dichotomic
measurements have 7 = 1/,/g.

What about typical* (or random) measurements? J

Random dichotomic projective measurement: A = (Pg, Pg1) with
E C C¥ a uniformly random subspace of dimension |ad]|, « € (0,1)
EJ_

outcome YES <+ E, NO «+» E+
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Random measurements

For large enough dimension d, the most incompatible dichotomic
measurements have 7 = 1/,/g.

What about typical* (or random) measurements? J

Random dichotomic projective measurement: A = (Pg, Pg1) with
E C C¥ a uniformly random subspace of dimension |ad]|, « € (0,1)
EJ_
How to sample: U Haar-random unitary
o Let |u1),...,|uq) be the columns of U
o Let £ =span{|u1),...,|uad))}

@ For E take the remaining columns of U

outcome YES <+ E, NO «+» E+

lod] d
Pe = Z |uiY(ui]  and Pgr = Z men
i=1 i:[adJ+l

LT Heinosaari, M.A. Jivulescu, I. Nechita, Random positive operator valued measures, J. Math. Phys. 61, 042202 (2020)
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Main results: two om measurements

E,F C C9 independent random subspaces, dimE ~ ad, dimF ~ 3d
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@ upper bound (incompatibility): a hidden qubit ~» next slide
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Main results: two om measurements

E,F C C9 independent random subspaces, dimE ~ ad, dimF ~ 3d

B s !
i 3 1
Q‘f‘ VA V1 A
v
q 7(Pe, PF) £8 inside the disk
3 1 E+ »
’ ~ v =1 VB
0 2-v2 1 2+v2 1
0 0% 4 2 4
1
0 i 1 a=p
inside the disk: maximally incompatible less incompatible outside the disk; Ao = 4a(1 — )

@ upper bound (incompatibility): a hidden qubit ~» next slide

@ lower bound (compatibility): the Jordan product criterion'
A:By+ ByA, =0 Va,b = A®B  (take Jop := 3(A.Bs + ByA,) = 0)

applied to P(Et), P(Ft): tight as d — oo, see next slide
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Proof sketch (g = 2)

Idea: a hidden qubit C2 ¢ C¢ on which Pg acts as Z and Pr acts as X

Lp. R. Halmos, Two subspaces, Trans. Amer. Math. Soc. 144, 381-389 (1969)

2G. Aubrun, Principal angles between random subspaces and polynomials in two free projections, Confluentes Math. 13(2), 3-10 (2021)
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Proof sketch (g = 2)

Idea: a hidden qubit C2 ¢ C¢ on which Pg acts as Z and Pr acts as X

Principal angles between two subspaces E, F

CH splits® into blocks of dimension < 2, invariant under both Pg and Pf;

on each 2-dimensional block
10 cos?f;  cosb;sinb;
Pe = 5 = . 0; € O,E
E 0 0 F cos 0; sin 6; sin? 6; 0.3)

cos §); = singular values of V£ VE (VE, VE: orthonormal bases) 6§, = 5 ~ Z, X

v
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Proof sketch (g = 2)

Idea: a hidden qubit C2 ¢ C¢ on which Pg acts as Z and Pr acts as X

Principal angles between two subspaces E, F

CH splits® into blocks of dimension < 2, invariant under both Pg and Pf;
on each 2-dimensional block

10 cos?f;  cosf;sinb;
Pe = ) Pe = ! o s 0; € (0,%)
0 0 cos 0; sin 0; sin” 0;
cos §); = singular values of V£ VE (VE, VE: orthonormal bases) 6§, = 5 ~ Z, X
V.
principal angles 6; (d = 4000, o = f3)
_— . @ random E, F: the angles fill a limit law
=13 X whose support contains 7 iff (a, ) is in
0.1 | .12 s
X the disk® ~» some 0; = 7
[]
: @ compression increases compatibility:
3 :; - 7(Pe, Pr) < 7(block i) = 7(Z,X) = %

Lp. R. Halmos, Two subspaces, Trans. Amer. Math. Soc. 144, 381-389 (1969)
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Main results: g random measurements

Pi,..., Py independent random projections of rank d/2, A, :=2P, — 1

LC. Carmeli, T. Heinosaari, A. Toigo, Quantum incompatibility witnesses, Phys. Rev. Lett. 122, 130402 (2019)
2p Bluhm, I. Nechita, A tensor norm approach to quantum compatibility, J. Math. Phys. 63, 062201 (2022)
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Main results: g random measurements

Pi,..., Py independent random projections of rank d/2, A, :=2P, — 1

1
1

2y f: (random)
‘ @ d—oo: TS
& 05 € €
1 .
—— (minimum) . 31 _ a—2d
O‘ﬁ'} } ‘ R 0g§3d.r§ﬂw.p.21 e
e R g (2,..,2) = O()
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Main results: g random measurements

Pi,..., Py independent random projections of rank d/2, A, :=2P, — 1

1 J—

=L (random) 2./a—1
“ 0 d—oor TSNME L2
= g G
0.5
L (minimum) 31 —2d
VE @ g < 3d: <= wp. >1-
. L } } R g<3d T_\/EWP_]. e

@ witness W: (W,-) <1 on compatible tuples?!;

dichotomic? case: ZX exWx < p Ve e {£1}8
(tA.) @ choose Wy o< Ay, p=1/d; free probability
(Kesten—McKay law): H ZX EXAXH —2yg—1

LC. Carmeli, T. Heinosaari, A. Toigo, Quantum incompatibility witnesses, Phys. Rev. Lett. 122, 130402 (2019)
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Random Wo:stlcase
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anticommuting
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Tx2/VvE (e23) X,Y.Z,...
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Random measurements are almost maximally incompatible
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A gap between maximal and typical?

Random measurements seem not quite maximally incompatible. The
situation is somewhat similar to that of entanglement.

Consider bipartite pure states |¢)) € C¢ @ C9. Their entanglement is
measured by the entanglement entropy

S() =—Trplogp  with  p=Trz [¢)()|

The maximally entangled state |2) = == 37, |ii) has 5(Q2) = logd

A random |¢) (uniform on the sphere of C#) has
1
S(<p)~|ogd—§ as d — oo

Random states are almost maximally entangled: the gap % does not
grow with the Hilbet space dimension d

D. N. Page, Average entropy of a subsystem, Phys. Rev. Lett. 71, 1201 (1993)
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( Measurement ) Compatibility ( Comp. degree 7 )
POVM (Aa) — joint POVM J max t such that
A = 0, Za A =1 with marginals A, B | Al) are compatible
Proof idea ] r Worst case N
hidden qubit: Random
random PVMs > T = 1/V2 (g =2) |+— T_: 1/\/§
contain copies of T<2/V/E (8 >3) anthcs/m;wutmg
| max. incomp. X,Z ] \ L J

Random measurements are almost maximally incompatible

Open questions

@ exact asymptotic 7 of g > 3 random dichotomic PVMs

@ random non-projective measurements: close the compatible/incompatible gap



